Abstract. For any elliptic curve E defined over the rationals with complex multiplication and for every prime p, we describe the image of the mod p Galois representation attached to E. We deduce information about the field of definition of torsion points of these curves, in particular we classify all cases where there are torsion points over Galois number fields not containing the field of definition of the CM.
Introduction
Elliptic curves defined over the rationals have been extensively studied for over a hundred years, mainly because we know that the set of rational points form a finitely generated abelian group. In this paper we are interested in giving a description of the possible finite groups that can be realized in this way. If we focus on the torsion subgroup, the problem is solved: we know every possible group that appear as the rational torsion subgroup of an elliptic curve over the rationals.
However, when considering more general number fields, many questions about the torsion remain unsolved. Here we approach this problem from the following point of view: we are interested in studying how does the torsion subgroup of an elliptic curve change when we enlarge the field of definition. As a first step of this project, we are going to consider elliptic curves defined over Q.
The first results on this problem dealt with the case of quadratic number fields. For this case, Kwon [3] has given results allowing to compute the torsion subgroup over a quadratic field of an elliptic curve defined over the rationals that has all the 2-torsion subgroup defined over the rationals. First Qiu and Zhang [4] and then completed by Fujita [2] have generalized Kwon's result to the case of polyquadratic number fields.
We will focus on the complex multiplication (CM) case. We have proved results that give all the information about the field of definition of torsion points for CM elliptic curve defined over Q. In particular, we have classified all cases where there are torsion points over Galois number fields not containing the field of definition of the CM. We also give a description of the image of the Galois representations on the p-torsion of all these curves for every prime p.
As it is well-known, the mod p Galois representations attached to an elliptic curve behave in two very different ways depending on whether or not the curve has CM. Contrary to what happens in the CM case, in the non-CM case Serre [5] proved that the images of the mod p Galois representations are maximal, i.e., equal to GL 2 (F p ), for all but finitely many primes.
Notation:
− Let F be a number field, we will denote by O F the ring of integers of F . − Let p be an odd prime, we will denote by ζ p a primitive p th -root of the unity and by Q + (ζ p ) the maximal real subfield of the p
− Let E be an elliptic curve defined over F , the m-torsion subgroup of E(F ) will be denoted by
. − We will denote by F (E[m]) the number field obtained adjoining the coordinates of the points of order m. − Let p be a prime, we will denote by ρ E,p the mod p Galois representation attached to the p-torsion points of E. − χ will denote the mod p cyclotomic character, where the prime p will be clear by the context. − We will denote by j(E) the j-invariant of the elliptic curve E.
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Elliptic curve with complex multiplication over Q
It is well known that there are 13 isomorphic classes of elliptic curves defined over Q with CM (cf. [7, A §3]). The following table gives a representative elliptic curve over Q for each class, that is, an elliptic curve over Q with CM by an order
, where O K is the ring of integer of K. We will denote by E D,f this elliptic curve. Let E be an elliptic curves defined over Q. We know that any E ′ /Q isomorphic to E over Q is in fact Q-isomorphic to a twist of E (cf. [6, X §5]). More precisely, let E : y 2 = x 3 + ax + b be a Weierstrass model for E, and E ′ a curve isomorphic to E. We will denote once and for all
Then, E ′ = E d has a Weierstrass model of the form Table 1 , and
As we mentioned, in order to study the torsion of the elliptic curve, we will be using the mod p Galois representation of the elliptic curve, for any prime p. It is then important to note that, for
For the general case, we can look at the number of points of the reduced curve to get information about the trace of the Frobenius at p, a spliting prime in the CM field. It is well known that the following formula holds in general,
where π is a primary prime above p and ψ n(E) (·) is the n(E)-power residue symbol.
Statements of the main results
Theorem 1. (2-torsion) Let E be an elliptic curve defined over Q with CM by an order of K = Q( √ −D) of conductor f and let F be a Galois number field not containing K, then
• j(E) = 0, 1728:
where p|D, in particular there are 2-torsion points in a quadratic field different from K.
• j(E) = 1728: In this case,
Theorem 2. Let E be an elliptic curve defined over Q with CM by an order of K = Q( √ −D) and p an odd prime not dividing D. Let F be a Galois number field not containing K, then E(F )[p] is trivial. Theorem 3. Let E be an elliptic curve defined over Q with CM by an order of
is the only case where any Galois number field containing p-torsion points contains K.
• If D = 7:
-Case f = 1. There are 7-torsion points of E defined over Q(ζ 7 + ζ 7 , √ −7d). Furthermore, d = 1 is the only case where any Galois number field containing 7-torsion points contains K.
-Case f = 2. There are 7-torsion points of E defined over Q(ζ 7 + ζ 7 , √ 7d). Furthermore, d = −1 is the only case where any Galois number field containing 7-torsion points contains K.
• If D = 3:
3 , there is a 3-torsion point on Q( √ −3e) which, except when e is a square, is different from K.
Remark: p = 3 is the only odd prime where there are p-torsion points defined over Q. For example in the last item of the previous theorem f = 1 with e = 1 or e = −3, when d = e 3 , and f = 1 with d = 1 are the only cases where the curve has rational 3-torsion.
On the division polynomials for small or bad reduction primes
In this section we are going to study the p-division polynomial of the elliptic curves E D,f , where p = 2, 3 or a bad reduction prime (i.e. p = D with 2, 3 ∤ D). This study has been done computing explicitly the factorization of the p-division polynomial for the 13 curves on the Table 1 .
Let E be an elliptic curve defined over a number field F given by a short Weiestrass equation of the form y 2 = x 3 + ax + b, where a, b ∈ O F . Define the m-division polynomial Ψ m , attached to E, recursively as follows:
and
. Then P ∈ E[m] if and only if Ψ m (x(P )) = 0. In particular, P ∈ E(F )[m] if and only if Ψ m (x(P )) = 0 and P ∈ E(F ).
Remark: Let
Lemma 4. Let −D ∈ {−7, −11, −19, −43, −67, −163} and E = E D,f be an elliptic curve in the Table 1 . Let p = D and Ψ p (x) be the p-division polynomial of E. Then the irreducible factorization of Ψ p (x) over Z[x] is given by
Let us denote by F
Lemma 5. Let E = E D,f be an elliptic curve in the Table 1 , K = Q( √ −D) and let g(x) ∈ Z[x] be a non-linear irreducible factor of the 3-division polynomial of E.
Lemma 6. Let E = E D,f be an elliptic curve in the Table 1 and K = Q( √ −D), then:
Moreover, the following table shows Q(E [2] ):
The proof of the above lemmas is a straightforward computation, that has been done by using Magma and Sage (cf. respectively [1] , [8] ). All the sources are available from http://www.uam.es/enrique.gonzalez.jimenez/research/tables/CM/ . Note that the case with more computer cost was the factorization of the 163-division polynomial of E 163,1 . This polynomial is of degree 13284 with huge coefficients. The file that stores it has size around 280 MB. Then the factorization was done using the functionality PARI on Sage.
2-Torsion
Proof of Theorem 1: Let E be an elliptic curve defined over Q with CM by an order is the same as the one on E D,f . Now, thanks to the Lemma 6, we have that if F is a Galois field not containing K and D = 8 and f odd, then E(F ) [2] does not increase with respect to the 2-torsion define d over Q. For the case D = 8 or f even we have that Q(E[2]) = Q( √ p) where p|D. Now let E be such that j(E) = 1728, then E = E 
6.
Primes not dividing the discriminant Theorem 7. Let E be an elliptic curve defined over Q with CM by an order of K = Q( √ −D). Then, for every odd prime p ∤ D, the Galois representation corresponding to the p-torsion points of E is irreducible.
Proof: Since E has CM, half of the traces of ρ E,p will be 0, more precisely, for every prime q inert on K and of good reduction, the trace a q = 0.
Suppose that ρ E,p is reducible. This means that, after semi-simplifying, we have ρ E,p = µ 1 ⊕ µ 2 , with µ 1 , µ 2 characters. It is well-known that these characters will take values on F * p (this follows from the fact that the Galois representations attached to an elliptic curve are odd). The determinant of ρ E,p is χ, thus we can write µ 2 = χ · µ
Since, by assumption, p is not ramified in K, if we fix a non-zero residue class t modulo p Cebotarev density theorem implies that there are infinitely many primes q that are inert in K and also congruent to t modulo p. We can also assume that these primes q are of good reduction for E. We fix the following residue class modulo p: take w to be any quadratic non-residue modulo p and let t = −w. Thus, there are infinitely many primes q inert in K, of good reduction for E, and congruent to t = −w modulo p. For these primes q congruence in (2) gives:
Since −q ≡ w (mod p) which is a non-square this is a contradiction (recall that we know the character µ 1 to take values on F * p ). This proves the theorem. 2
Proof of Theorem 2:
We have shown that the representation is irreducible. On the other hand, by the theory of complex multiplication the restriction to Gal(Q/K) has abelian image. Therefore the image contains an abelian normal subgroup of index 2, it has a dihedral proyectivization like
where the element T of order 2 comes from the conjugation σ ∈ Gal (K/Q). Hence, for any field K F ⊂ E[p], Gal (F/Q) will be a quotient of Gal (E[p]/Q) containing T and, in particular, again irreducible. The conclusion follows since it is obvious that a torsion point defined over F will produce a subspace invariant by Gal (F/Q) which would then give a reducible representation. 2
The following proposition describes the image of the mod p Galois representation obtained in this section.
Proposition 8. Let E be an elliptic curve defined over Q with CM by an order of K = Q( √ −D) and p an odd prime not dividing D. Then the proyectivization of ρ E,p has dihedral image.
Primes dividing the discriminant
Proof of Theorem 3: We consider a curve E = E D,f as in Table 1 and p = D > 3 which is a bad reduction prime. We will use Lemma 4 together with the information that the curve has CM defined over K to give a precise description of the Galois number field generated by the p-torsion points of E. The image of ρ E,p is contained in GL 2 (F p ) and since the curve has CM over K, it is well-known that the restriction to the Galois group of K is reducible since the p-torsion points generate an abelian extension of K. Thus, the image of ρ E,p is a group containing an abelian normal subgroup with index at most 2. We know by Lemma 4 that the order of the Galois number field generated by the p-torsion of E is divisible by p (in fact, a factor h p of the p-division polynomial has degree divisible by p). This Galois number field is the one corresponding to the image of ρ E,p . If we apply Dickson's classification (cf. [5, Prop. 15] ) of maximal subgroups of GL 2 (F p ) we conclude that the representation is either reducible or surjective (we know that the determinant is surjective). But since we also know that it contains an abelian normal subgroup of index at most 2 it has to be reducible. Since its order is divisible by p it is reducible but not decomposable. Thus, the image of ρ E,p can be described as follows:
where * = 0 and φ 1 , φ 2 are characters of Gal (Q/Q) satisfying φ 1 · φ 2 = χ. It is known that these two characters must have values in F * p , because the representation ρ E,p is odd and therefore if it is reducible it must reduce over F p . In this case, precisely because the representation is reducible, either there are torsion points defined over Q (but it is well-known that there are no such points since p > 3) or there is a non-trivial Galois invariant 1-dimensional subspace, the character φ 1 corresponding to the action of Gal (Q/Q) on this subspace. In Lemma 4 we observe that there is an abelian extension generated by some of the torsion points (the one corresponding to points of torsion whose x-coordinates are roots of g p ), this abelian extension must clearly correspond to the Galois invariant subspace with character φ 1 . In Lemma 4 this is the extension that we have called F p . Then we can recover the character φ 1 which corresponds to F p , and also φ 2 = χ · φ 
. Let us now consider the case p = 3, f > 1 and E = E 3,f . These elliptic curves have rational 3-torsion points, and therefore the representation ρ E,3 is reducible as in (4) with φ 1 = 1 and φ 2 = χ but, by Lemma 5, ρ E,3 do not decompose as the sum of these two characters. For the general case of a CM curve E, we will use again the fact that E = E d D,f and ρ E,p = ρ E D,f ,p ⊗ ψ where ψ is quadratic. Therefore we have for the image of ρ E,p that again it is contained in a Borel as in (4):
where * = 0.
For p = 3, f = 1, we just have to consider the 3-division polynomial of E The description of the image of the mod p Galois representation just obtained can be summarized as follows: 
